Drag reduction by polymer additives, although a well-documented phenomenon in turbulent flows, has not been observed in experiments of steady laminar flows. Here, we show analytically, using the FENE-P model, that polymer additives instead enhance the laminar drag compared to the original pure Newtonian solvent. However, the non-Newtonian fluid with the added polymers (i.e., the solution) exhibits a lesser drag than a corresponding Newtonian fluid with a viscosity identical to the total viscosity of the solution. We investigate the cause of this phenomenon and arrive at bounds for the velocity, friction factor and effective viscosity of this flow. The lesser drag of the solution when compared to a viscosity-matched Newtonian flow is tracked to an increased strain rate needed to enhance viscous dissipation so as to compensate for a reduction in the opposing elastic shear force occurring away from the pipe center. Lastly, we show that the variation of effective viscosity is similar to that of the transverse diagonal components of the conformation tensor, a phenomenon shared by the turbulent case, and that this is tied to the stretching in axial direction.
Introduction:
Elasticity effects have long been known to affect transition to turbulence and drag in fluid flows, whether these effects are induced by fluid-structure interaction [1] [2] [3] , or by viscoelastic rheological aspects associated with non-Newtonian fluids [4] [5] [6] [7] [8] . A phenomenon of reverse transition has even been uncovered recently [9, 10] . For instance, the addition of low concentrations of long-chain polymers generates an astounding 80% drag reduction (DR) in turbulent regimes [11, 12] , which has significant implications with practical applications.
When considering turbulent dilute polymeric solutions, the exhibited DR has been attributed to the interplay between flow turbulence and elasticity of the polymers in the near-wall region [11] [12] [13] [14] . DR is most prominent when the time scale of the polymer elastic dynamics-known to be dependent on the number and length of monomers making the polymeris of the same order or higher than that of the turbulent fluid flow [15] . In addition, such fluids exhibit a maximum drag asymptote with respect to the polymer concentration [15] [16] [17] [18] [19] [20] , which is suggested to be associated with elasto-inertial instability [21, 22] . The energy cascade is also different from that of Newtonian counterpart [23] since some energy is rerouted to the polymer stretching dynamics, thereby reducing the formation of the smallest vortical eddies-those with scales smaller than the Kolmogorov scale-and as a matter of fact lowering the associated viscous energy dissipation.
However, this DR phenomenology is absent in steady laminar flows with polymers [11, 16] due to absence of small time scale in the flow dynamics. Here, we show analytically that the laminar drag of a FENE-P fluid (the solution) in a cylindrical pipe exhibits a set of lower and upper bounds. Specifically, the laminar drag is lower than that of a Newtonian fluid with a viscosity matching that of the total viscosity of the solution, while being higher than that of the pure solvent. This previously unreported phenomenon is due to the effective viscosity of the solution being bounded by the limits of that of two Newtonian flows: (i) the flow of pure solvent and (ii) that of a viscosity-matched fluid. Similar to the case of turbulent flows, although in a different manner, we elucidate the critical role played by the polymer stretching.
Laminar flow:
A steady flow of dilute polymers modeled as dumbbells is governed by [see for example, 24]
where τ = (f c − I)/Wi is the elastic stress of the polymers of maximum extensibility L. Under the FENE-P model, the Peterlin function takes the form f = (L 2 − 3)/(L 2 − tr(c)). The flow dynamics is characterized by three nondimensional parameters: (1) Re = ρU c R/µ, (2) β = µ s /µ, and (3) Wi = λU c /R, with µ (resp. µ s ) the total viscosity (resp. the solvent viscosity), U c the centerline velocity in the absence of polymer, R the pipe radius, and λ the elastic relaxation time.
The conformation tensor has for entries c ij = R iRj , wherẽ R i is the end-to-end vector of a polymer molecule, and I denotes the identity matrix.
For steady laminar flows, p = P (x), c = C(r), and u = [U (r), 0, 0] using cylindrical coordinates (x, r, θ), which are in axial (ê 1 ), radial (ê 2 ) and azimuthal (ê 3 ) directions, respectively. The components of ∇ · τ in Eq. (1) can be found in [25] , while Eq. 
where F (r) = (L 2 − 3)/(L 2 − tr(C)) and the subscript r implies differentiation along the radial direction. Equation (3) gives the non-zero upper triangular elements of C:
Equation (5) implies that the transverse components of τ follows τ 22 = τ 33 = 0, which is in agreement with Ref. [26] . Substituting Eqs. (4)-(6) in F yields:
Since the driving pressure gradient in the cylindrical pipe is given by
Eq. (1) can be written as, β (rU r ) r +(1−β) (rU r /F ) r = −4r, which under the condition U r (0) = 0 gives
Substituting this expression for U r into Eq. (7), we have
Given that Eq. (7) implies F − 1 ≥ 0, a solution of Eq. (10) reads
where ζ 1 = a + √ a 2 − 1, ζ 2 = a − √ a 2 − 1 and a = 1 + 108βWi 2 r 2 /L 2 with positive square-root and real cubic-root implied. Eventually, Eq. (9) gives the velocity profile
where U(r) is the Heaviside step function. The set (4)-(6), along with Eqs. (11) & (12) give the complete FENE-P steady laminar pipe flow solution that we use to study the laminar drag. Their behaviors close pipe center, i.e., U r (r) = −2r − 16(1 − β)Wi 2 L −2 r 3 + · · · , F (r) = 1+8Wi 2 L −2 r 2 +· · · , C 11 (r) = 1+8Wi 2 (L 2 −1)L −2 r 2 +· · · , C 12 (r) = −2Wir + 32Wi 3 L −2 r 3 + · · · , and C 22 (r) = C 33 (r) = 1 − 8Wi 2 L −2 r 2 + · · · , show that they exhibit even or odd symmetries with respect to r.
Drag behavior:
Figure 1(a) shows the velocity profiles in the Newtonian case (β = 1) and three non-Newtonian cases (β = 0.8 and increasing Wi). They reveal that under the same driving pressure gradient, the volume flow rateq = 2π 1 0 U (r)r dr increases when β drops from 1 to 0.8, thereby implying an apparent DR in the laminar regime. This increase inq is further amplified when considering increasingly large Wi. However, this should not be interpreted as that the addition of polymer reduces drag compared to the pure solvent Newtonian case.
To better understand that, let us recall that the pressure gradient (8) is defined based on the Reynolds number and therefore the total viscosity µ. For a given fixed value of dP/ dx, the total viscosity has to be the same for all values of β. Hence, when β is altered, the viscosity of the solvent changes for the profiles shown in Fig. 1(a) . This implies that the various profiles for different β values correspond to different solvents, and that the non-Newtonian flow effectively exhibits less drag when compared against a Newtonian fluid-other than the solvent-having the same total viscosity as the one at the particular β value considered.
We now show that the drag of a Newtonian flow of the pure solvent is lower than that of the non-Newtonian solution after adding polymers. In the non-Newtonian case, the dimensional pressure gradient is given by dP * / dx * = −4µU c /R 2 , where the superscript ' * ' indicates the dimensional value of a given variable. If the same dimensional pressure gradient is applied on the pure solvent, the centerline velocity increases by a factor of 1/β since dP * / dx * = −4µ s [U c /β]/R 2 . Hence the dimensional velocity profile of the pure solvent is U * s = U c (1 − r 2 )/β and its non-dimensional counterpart U s (r) is shown in Fig. 1 (b) together with the profile U (r) of the polymeric solution. As can clearly be observed, the pure solvent experiences less drag. To study for a range of Weissenberg numbers Wi, we compare the volume flow rate of the polymeric solution,q = 2π 1 0 rU (r)dr against that of the pure solvent,q s = π/(2β). As can be seen in Fig. 1(c) , there is always a drag enhancement for all values of Wi, and this result holds when varying L.
In the limit of Wi → ∞ or L → 0, we find F → ∞ from Eq. (7) . Hence, considering the same limit in Eq. (9), we obtain U r → −2r/β, which is the derivative of (1 − r 2 )/β. These results therefore provide the bounds for the velocity profile as
for all values of Wi and L. Physically, this implies that the polymeric solution experiences less drag than the Newtonian flow of a fluid having a viscosity identical to the total viscosity of the former, but higher drag than that of the pure solvent under same driving pressure gradient. This can be made more clearer from the behaviors of their respective friction factors.
The Darcy friction factor is defined as
where τ * 12 is a component of the dimensional version of the elastic stress tensor τ and U * is the cross-sectional average of U * (r * ). For Newtonian flows, the same definition holds but without the second term within the square brackets. The inequalities in Eq. (13) translate into the following inequalities for the friction-factor:
The right-most term of Eq. (15) is f for a Newtonian fluid with viscosity same as the total viscosity of the solution. The middle and the left-most terms are f for the polymer solution and the pure Newtonian solvent, respectively. These expressions for the friction-factor can be derived from Eqs. (6), (9) and (14) in the case of polymeric solutions and by using the parabolic profiles in the case of Newtonian flows.
To analyze the influence of Wi and L, we consider the limit β → 0 whereby the solutions are such that F = 1 + 8Wi 2 r 2 /L 2 , and U (r) = 1 − r 2 + 4Wi 2 (1 − r 4 )/L 2 . These relations show that the volume flow rate increases with Wi and decreases with L. Indeed, a large Wi implies that the relaxation time is far greater than the time scale of the flow, allowing the polymer strain-i.e. the stretching of the ends of the polymer molecules-to be increased by the mean shear. In what follows, we show that an enhanced stretching of polymers reduces the drag when compared with a Newtonian fluid with the same viscosity as the total viscosity of the non-Newtonian case. Moreover, a large L implies that the ratio of √ C ii to L becomes small, resulting in a reduction of the restoring elastic modulus F . This, in turn, generates an increase in C 22 and C 33 given by Eq. (5) . As shown below, an increase in C 22 yields an increase in the effective viscosity.
The profiles of the non-zero components of C ij (r) are shown in Fig. 1(d) . The large values of C 11 originates from the polymers undergoing stretching in the axial direction. On the other hand, the fact that C 22 and C 33 have values below one implies contractions in both the radial and azimuthal directions. The term C 12 plays a crucial role in translating polymer strain represented by C 11 into an enhancement of the strain rate U r of the flow, as revealed by theê 1ê1 component of Eq. (3): 2C 12 U r = (F C 11 − 1)/Wi. F (r) is essentially a representation of the elastic modulus (see Fig. 1(e) ). The polymer molecules undergo maximum stretching near the wall given the higher values of the strain rate U r . This causes an increase in F ; a feature of FENE models that is absent with the Oldroyd-B model.
We can now explain the lower drag in the polymeric solution when compared to that of the Newtonian fluid with identical total viscosity. The divergence of the Newtonian stress tensor (∇ · τ ) ·ê 1 (see Fig. 1(f) ) without polymer stands at a constant value of −4, with the negative sign implying (positive) dissipation. When polymers are added, a ratio of (1 − β) of this viscous dissipative component is replaced by the component due to polymer stretching, which is also dissipative of the fluid momentum. As evident from Fig. 1(f) , this com-ponent is always greater than −4 throughout the flow field except at the center of the pipe. (Note that this component can be written as {−2r 2 /[β(F − 1) + 1]} r /r which takes the value of −4 in the limit r → 0, which is same as the Newtonian component.) To counterbalance the constant pressure gradient term, the Newtonian part readjusts itself to increase the dissipation by increasing the overall strain rate, thereby resulting in an enhanced volume flow rate. Such an increase in the strain rate is characterized by an increase in the slope of the velocity near wall with respect to 1 − r in Fig. 1(a) .
To explain the decrease in |(∇ · τ ) ·ê 1 | as r increases, we first note that C 12 ≡ R 1R2 = 0 at the pipe center, thus implying that the polymer molecules undergo an uncorrelated random motion there. Since C 11 increases from the value of 1.0 with respect to r, the polymers undergo a rapid stretching in the x-direction (see Fig. 1(d) ) causing theR 2 component to pick-up a negative correlation with theR 1 component that undergo stretching. This negative correlation is due to the resistance to elongation associated with the restoring tendency F . However, this negative correlation starts to decrease with respect to r partly due to the slow-down in the axial stretching C 11 and the restoring tendency, F -i.e. C 11rr < 0 and F rr < 0 for most part of the pipe. This causes less drag as the absolute value of the resistance term [(C 12 F ) r +C 12 F/r]/Wi comes down.
This phenomenon of C 11 or C 12 playing a crucial role in the laminar regime is in stark contrast with the turbulent regime, where the transverse diagonal component C 22 (or C 33 ) plays a critical role-it acquires a radial distribution similar to the effective viscosity [18, 27] . In fact, both interpretations are can be reconciled as explained below.
The decrease in flow rate when compared to that of the pure solvent, or, the increase of the same when compared to that of a viscosity-matched Newtonian fluid, can also be understood by considering the effective viscosity µ eff , which is defined as
Taking note of the facts that F → ∞ in the limits Wi → ∞ or L → 0, and F → 1 in the limits Wi → 0 or L → ∞, we arrive at the following bounds for µ eff /µ:
which contains the analogous information as the inequalities in Eq. (13), i.e., the effective viscosity is less than the total viscosity, but higher than the viscosity of the solvent. In Fig. 2 , µ eff /µ is shown for parameters set equal to that of Fig. 1(d) .
The figure confirms that the ratio µ eff (r)/µ obeys the inequal- ities in Eq. (17) . Clearly, µ eff (r)/µ has a trend with respect to r that is opposite to that of C 11 . This shows that the stretching in the axial direction reduces the effective viscosity. As a general non-auxetic matter, the polymer exhibits opposite trend in C 22 and C 33 by way of contraction of the polymer dumbbells. This sets C 22 and C 33 to follow the same trend as µ eff (r)/µ (see inset of Fig. 1(d) ). As stated previously, this phenomenon is well-known in the turbulent regime [18, 27] . The linear relation (up to the leading order) between of µ eff (r)/µ and C 22 can be realized by re-writing Eq. (16) as
where the second term within the braces can be shown to be of O(r 2 ).
Conclusion and outlook:
In summary, the flow of a polymeric solution with total viscosity identical to that of a Newtonian fluid exhibits lower drag. Nonetheless, the experienced drag is higher than that of the pure solvent under the same driving pressure gradient. The apparent lower laminar drag of the polymeric solution is shown to be related to the reduced resistance by the elastic shear stress, which has been found to be lower than that of the corresponding Newtonian viscous shear stress in the bulk of the pipe. To compensate for this reduction, the strain rate of the solvent increases so that the resistance by the viscous shear stress can complement the resistance due to the polymer stress such that the overall total resistance balances the pressure gradient.
In addition, the reduction in elastic shear stress has been found to originate from the stretching of the polymer molecules along the axial direction. The solvent's strain rate sets up a negative correlation C 12 between the axial and radial components of end-to-end polymer vector through the restoring forces in the polymer molecules. As the axial stretching rate with respect to r slows down for large r, this causes a slow down in C 12 , which leads to a lower gradient of the elastic shear stress along the radial direction. In turn, this yields a lower resistance to the flow by elastic stress. This rich phenomenology can also be understood from the perspective of effective viscosity. Indeed, we proved that U and the components of the tensor C exhibit even or odd symmetries with respect to r. As an outlook, these symmetries can be exploited to derive conditions for the regularity of perturbations at the pipe center as derived in the Newtonian case [28] . These are expected to help with the study of the stability and transition of viscoelastic pipe flows.
